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This paper concludes the analysis of the onset of instability in a fluid heated from below
in a gravitational field, in the case of a prime eigen number,

It was shown in [1] that the problem of convection in a fluid layer has secondary sta-
tionary solutions, i, e, that bifurcation takes place, Paper [2] established that new sta-
tionary selutions occur, when an increasing temperature gradient reaches a critical value,
and that in the case of the eigenvalue of a linearized problem being a prime number
there are exactly two solutions,

It is shown here with the aid of the perturbation theory that the secondary motions are
stable, whereas the equilibrium solution loses stability, when the critical value of temper-
ature is reached (Sections 1 to 5). The index of nontrivial solutions (defined as fixed
points of corresponding operator equations) is computed, and found to be equal to +1
Section 6), Proof is also given (Section 7) that in the critical case the equilibrium solu-
tion is asymptotically stable (in a linear formulation there is stability, but it is not asymp-
totic,

Final conclusions are set out in Section 8, and a phase representation (Fig, 1) is given
for small super-~critical values of the temperature gradient of the system.under consider-
ation,

1, Formulation of the problem, Let a fluid fill a bounded region {2, We
shall assume that its boundary S is a solid wall fvith no-slip condition fulfilled), the
temperature of which is known, and is a linear function of height, Then, the convection
equations

—%1;—+vAv’:(v’-V)v'+Vp’+BT’g, divv' =0
) (1.1)
—-——a% A AT =v.VT', v'ls =0, T'|s = cz 4-const
admit the solution
v, = 0, T, = ¢z 4+ const (1.2)

Let Gy be the least eigenvalue of the corresponding linearized problem, and let (3, T)

be its corresponding eigen solution

vAg— Vg =g, diveg =0, XAT == cyPs, Tls =0,
els=0 |@lm =1 (1.3)
For ¢ S Cq , problem (1, 1) has no stationary solutions other than (1.2) (see [2 to 4]),
and all flows tend to the flow pattern (1,2),as £ —o (*), As was shown in [2], when C

*) For Foot Note see next page,
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reaches the value Cy , a pair of new stationary solutions of the form
Vor = F LEQ - (mlzw + BMP) e* 40 (83) (e == VCT‘U)
Top = F e + (%0 + Br) e+ 0 (&) (k=1,2)
occur, Here, € is a small parameter, and w, 0 is the solution of problem

vAw—Vp=(¢-V)g + g, LA =cows+@- VT (1.5)

(1.4)

divw =0, wis =0, Bls =0, (W- @), =0
Constant (i is defined by the equality
B - Bex 28
to = s = wl2 +ELopz + = Sxewgdx>0 (1.6)

The single-valued solvability of problem (1, 5) and the positive nature of constant Y
were proved in [2] (see [2] for Lemmas 2,1, 2,2 and 2,3), Constants By, Bz may be
considered as known, however, their explicit expressions have not been worked out here,
as these do not matter in further considerations, The stability of flows (1, 2) and (1, 4)
is studied further,

2
2, The perturbation theory, Let problem (1,1) have for¢ =Cgo+ € and
small €, the stationary solution (Vg,Zp)
[S] [os)
Vo = 2 ekvy, T,= {co + 82)2 + Ty, Ty = Z erT, (21)
k=1 k=1
To solve the problem of stability of solution (2, 1) we shall construct variation equa-
tions, and isolate time, As the result, we amrive at the speciral problem

—ou 4+ vAu = (vo-V)u+ (u-V) vy + Vp 4 B7g, divu=20
— T + AT = (s +e)us+ vo- VI +u-VTp, ulg=0, T[s=

Problem (2, 2) has its eigenvalue Oy = 0 when € = 0, with all remaining eigenvalues
contained within the left-hand half-plane, For small values of € the latter, in accord-
ance with the perturbation theory [10] are subject to little change, and remain in the
left-hand half-plane,

Strictly speaking the perturbation theory is applicahle to a limited part of the spectrum
only, but, as in [11], the eigenvalues of problem (2, 2) with a positive real part, are limi-
ted (uniformly with respect to € when TE: l S €p),and their number is finite,

Thus, solution (2, 1) will be stable, or unstable, depending on whether the eigenvalue
Op = 0 moves to the left, or right as the result of perturbation.

Let us look for the corresponding eigen solution of problem (2, 2) in the form of a
power series

(2.2)

C=¢01+ &%+ -+, u=¢-+eufeluyf-.--

=14 ey +&%r5+--. (2.3)

*) A general theorem as to the existence and uniqueness of system (1, 1) with initial
data is not known, The theorem of existence of a weak generalized solution, and the
theorem of the uniqueness of a smooth solution can be, however, proved, This is easily
done by the methods developed in [5 and 6] (see also*[7]): a two~dimensional problem,
as well as the problem in which convection is disregarded, are solved as a whole [7 to 9],
Here, all statements about "all solutions” refer to generalized solutions.
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It is natural to take the normalization condition in the form

Codu Ay

(u ?l'ts——-—"d_[':;! 20
' ' dxr, ox !
9 - 4

Substituting {2, 3) into (2, 2), we find the confirmation that ¢, T is a solution of sys-
tem (1, 3), while (w,, 1,, 0,), (u,, T,, 0,) is found by solving problems

vAu = Vp+Bug+ R g +op.  dive =0
YAT =cottas+ 9 VT L v VT + 6T, u =0, Tl =0 (2.5)
(ur- @)y, =0
VAU, = V py 4 Brog + R (wy, vi) + R° (va, @) -+ S -+ 611y
XATs=Collay + Q2+ ViV T+ ve- V14w VT + ¢ VT + 6T + 6,7, (2.6)
divis =0, wlo=0.  Tl=0.  (n o, =0
The following notation has been used here
Ro(u,v)=(u, V)v 4 (v, V)u, u, = (up. U, Uy), Ru,v)=(u, V)v

3. Stabilfty of secondary flows, When dealing with solutions (1, 4), we
must stipulate that in (2, 1)
o= F ag®, Vy=aotw+Brp. Tp=Fayt. Ty=a%d -+ fi (3.1)
We shall prove that with this, the solution of problem (2, 5) has the form
o, =0, u, = + 2oqw, 1, = F 20,0 (3.2)
In fact, taking the scalar product of the first Eqs, (2, 5) by ¢o® , and for the second by
B@T ,then integrating over {1 and adding, we obtain

61 [co Scp*dx + Bg \t2d:c-! =0
b y )
Therefore, J;= 0, and (3, 2) follows directly from (1, 5) and (2, 5).
Furthermore, by dealing in a likewise manner with system (2, 6), we obtain

—0y g = ¢, +Pg s+ L)) =1 (3.3)

Io=co§(p2dx+ Bg§12d.17, [, = S[{Uh V) as + (9, V) vl -9 dz
{
12: QT[V]‘VTI—F?'VTQICZ.K, 13: S(P3T.CZ.’L‘
& @

With the aid of (3, 1) and (3. 2) we derive.
I = — 300? S((p, Ve-wdr, = — 3 S&p-vT e (3.4)

¢ 2
Taking the scalar product of the first of Eqs. (1. 3) by @, and integrating over , we

find I, — §w de=——- (3.5)

Now, by substituting in (3, 4) for (§, V)& and @ V T their expressions obtained from
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(1, 5), and taking into account (3, 5) and (1, 6), we arrive at
I = 3oykc,? J(w, 0)+ Bgls = 2v 3.6)

Hence, the eigenvalue O = 0, after perturbation, is transformed into

= —2ver /I, + O (% <0 (€ is small) 3.7

This proves that secondary motions (1, 4) are asymptotically stable in a linear approx-
imation, But in essence, the results obtained in [11] (with obvious alterations) are appli-
cable to problem (1, 1), Therefore, a nonlinear stability is also obtained,

In the case of convection in a layer, the secondary flow stability with respect to per-
turbations of like periodicity, follows from the foregoing, It may be thought that only
an analysis of the effect of nonperiodic perturbations would show which of these flows
can be obtained experimentally, This is the obvious path leading to the resolution of
the question of the exceptional role of the hexagonaily -symmetric flows,

4, Instability of equilibrfum, We shall now apply the perturbation theory
to the problem of stability of solution (1, 2), In this case the eigenvalue Oy = 0 is trans-
formed by perturbations and becomes

o=ver [I,+ 0 (e >0 (4.1)

For the derivation of Formula (4, 1) it is obviously sufficient to assume that in (3, 6)
Qo= 0.

Thus, when parameter ¢ passes through its critical value Cq , the equilibrium solution
(1. 2) loses stability, Here this deduction is also justified for the case of the nonlinear
system (1, 1) with the aid results of [11], In [4] the instability was proved by another
method of linear approximation,

5. Proof of the perturbation theory, Problem (2,2) will be reduced by
transforming the Navier-Stokes linearized operator and the Laplace operator to the sys-

tem of equations u=L BTg) + LR°(vo, u) + sLu (5.1)

T = C()B-gug + e.zBou.;; + Bo (Vo‘v T + U‘VT()'U) + OBoT

Operators L and B, are defined in more detail in [1}, Operator L acts fully conti-
nuously from L (p > ®/;) into /1, and operator B, from L, (p > %/;) into Hg.

We eliminate 7' from this system, By virtue of (2, 1) the operators at the right-hand
side of (5, 1) depend analytically on € (for example, with respect to the norms of & ,
H3). Further to this, for small €, O each of these is a contraction operator (for € = 0,
0 = 0 both are reduced to constants) in /7, .and Hg . respectively. Therefore, the solu-
tion of the second of Eqs. (5, 1) with small €, O and a fixed u & H,; may be sought
in the form of a power series 0

T= 3 ety (5.2)
K, 1=0
In A3 ,series (5, 2) is convergent, Substituting it into (5, 1) , we obtain

B0 = €oBolis, 810 = B, (vy * VB + u - YT,
801 = BBy = coB,luy,
B3 = By (v - VO3 + vy - Vo + u + VT, + Bouy (5.3
After the substitution of series (5, 2) into the first of Egs, (5, 1), the latter becomes
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N vt

u=codu 4+ Nu.,  Au=L@gBouy. Nu= > &5V, u. Ng =t D4
iy =0
With this, operator A is fully continuous and rigorously positive in 7 (see [1 and 3] ),
operator V is fully continuous in /7 and analytically dependent on € ,0 (when these
are small), Explicit expressions of operator-coefficients //y; can be derived without
difficulty, We have, for example

Nyu= LR® (v,, u) + L (Bgb,), Neu= Lu -t ¢,L (BgB,us) (5.5)
Nggu = L (BOyg) - LR® (v,, u)

We shall consider now Egs, (5, 4) for a specified small € as a problem in eigenvalues
with respect to the nonlinear parameter O, In the following Lemma the specific nature
of operators 4,V is immaterial,

Lemma 5.1 , LetA be a linear, fully self-adjoint operator in the Hilbert space
Hi. Cg its prime characteristic number and @ its corresponding eigenvector, Let oper-
ator &V, continuous in #; , depend analytically on the small parameters €, 0, Let con~
dition
be fulfilled,

Then, for small € problem (5, 4) has a unique small eigenvalue O which, like its cor-
responding eigenvector u (subject to condition that (u, @)y, = 1), is analytically
dependent on €,

Proof ., Problem (5, 4) may be rewritten in the following equivalent form

(Nory, Py, =0 {5.6)

u— cpdu = Nu — (N, @), ¢ = Ny, (u, 9z, = (5.7
(Nua, 9)y, =0 (5.8)

Then, in accordance with the Fredholm solvability condition, operator /, transfers
any vector u & H, into a subspace where the inverse operator (I — coA4)™! = Ry, identi-
cally fixed by the requirement that (R, u, ¥)g, = 0 is known, Hence, conditions (5, 7)

are equivalent to Eq, u =9 (I —cd)y? N (5.9)

Since V. is analytically dependent on €, C,and V,y = 0 when € = § = 0, the right-
° y y depe o) 8
hand side of (5, 9) defines the contraction operator for small €, J. Solution u of Eq,

(5. 9) is, therefore, analytical with respect to €, G, and is of the form

o0
u= Y ¢5%,, gy = ¢ (5.10)
r, 8=0
Substituting (5, 10) into (5. 8) we obtain Eq,
j&e]
F(s, &)= 2 eF oM (N, ), = O (5.11)
k, 1, r, s=0
which for a specified € is satisfied by O,
Here, /( 0, €) is an analytical function, and 7(0, 0) = 0,
Solution @ of Eq, (5, 11) is unique and analytical with respect to €, since conditions
of the theorem of the implicit function
e oy = o, 9y, %0 (5.12)
is satisfied,
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The analytical character of vector u with respect to € now follows from (5, 10),
Lemma is proved,

We may note that Lemma 5, 1 is also valid for not-self-adjoint operators (as well as
for operators in a Banach space), if we substitute for the second factor in (5, 12) the eigen-
vector of the adjoint equation, Under the conditions of this Lemma the number J is
real,

We shall now prove that condition (5, 12) is fulfilled in the case of our problem. We
note that operator [, satisfies by definition the following identity:

" 6 \
V(LE, @ = — Sf‘l)dx (feLp(p> 3),0@1) (5.13)

&
Consequently, (5, 5) and (5, 13), when account is taken of the self-adjointness of oper~

ator B, ,yield o
°y (N9, @)y, = — §<92 dr — Bgeo §(Bocp3)= dz = —1Io/co<<0 (5.14)

In accordance with Lemma 5,1 the existence of expansions (2, 3) follows from (5, 14),
The perturbation theory is thus proved,

8. Indices of solutions, Stationary solutions of problem (1,1) satisfy the

operator equation in space ffl with a fully continuous operator (see [1 to 3] )
v=K (v, ¢) (6.4)

We shall show that the indices of solutions (1, 2) and (1. 4) representing fixed points of
operator A are respectively —1 and +1, The knowledge of these indices may be useful
in, for example, evaluating the number of solutions,

For the computation of the index of a certain solution v, of Eq, (6, 1) the Frechet
differential Avo of operator A at point Vo must be considered, and the sum of multi-
plicities A of its characteristic numbers, lying on segment (0, 1) must be calculated,

If 1 is not a characteristic number, then the index of the fixed point v, is (—1)2 (see
[121).

The Frechet differential of operator A" which corresponds to solution (1, 2) is ¢4 (oper-
ator 4 is defined by (5,4) ), When ¢ >Cq ,and ¢ —Cgq is small, 1 is not its character-
istic number, In this case the unique characteristic number along segment (0, 1) isCqo/C.
It is a prime number: A = 1, Hence, the index of solution (1,2) is—1,

We shall now prove that the index of each of the solutions (1, 4) is +1 , The Frechet
differential A, is of the form

oc
Agu=cotu = N e"N u (6.2)
k=1

which may be derived by stipulating 0= 0 in(5,4), For small values of € operator
Ay, is close to CoAu. Consequently, in accordance with the perturbation theory [10]
it can't have characteristic numbers along segment (0, 1) other than those obtained by
perturbation of the characteristic number 1 of operator Co4 .

We shall show, however, that the latter lies outside segment (0, 1). We shall denote
it by A, and the corresponding eigenvector by ¥, and shall seek expressions of these in

the form  j— 1 fehytetha o, =i dely o, (4 Py, — 1 (6.3)
This is permissible, since 1 is a prime characteristic number of operator coA ,and so
is A, We substitute (6, 3) into e

= hdy == A(okop + 3 ah'NkO\p) (6.4)
k=1
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We then obtain for the definition of (A1, §p the following Eq,

¥1 = co Ay -~ N9 - L2, (1, 2, = 0 (i1.5)
Taking into account (5, 5),(5, 13), (5. 3) and (3, 1) and the scalar product of (€, 5) by
VP, we derive ye, ~ — v (Nigw, #)yy, = — v (LR (vi, ) -~ L (3gBu), 97, =
= S [R°(v1, 9) i-Bglol odr - T aoflg S @aBy (ro2- V Bopa-to- UtT) dor =
Q 2
== T aoflg S Bo@sz- /T diw == 0 {6.6)
The following relationships have also tg be taken into account here
T = coBos, 2 = cg.12, o ”Hl """" (6.7)
Hence, A1 = 0, We note now that
Niop = F 2a0L [(3, V) - BgBo (v V7)) (6.8)
Comparing (6, 5),(6, 8) and (1, 5), we obtain
¢, F 200w (6.9)
Vector Y5 and number Ay are defined by Eq,
¥ = co s -i- VioWr -+ Noop -+ e, (2, @)py, =0 (6.10)

Taking the scalar product of this Eq, by V@ in /1, and using consecutively relation-
ships (5, 13), (5. 5),(3. 1), (8. 9), (6. T}, (5. 3) and (1. 6), we obtain after a straightforward,
though somewhat cumbersome computation

hy - 2/ >0 (6.11)
Hence, operator .4, has no characteristic numbers along segment (0, 1), A=0,and
the index of each of the solutions (1, 4) is equal to+1,

T. Asymptotic stabllity in the critical case, We shall prove that
when ¢ =y , the equilibrium solution (1, 2) is generally asymptotically stable, We note
that in this case there exists stability of the linearized problem, but it is not an asymp-
totic stability,

Multiplying the first Eq. of (1.1) by ¢;v = ¢, (v — V'), and the second by fgT" =
= pg (I' — T,’), integrating over {1, and adding, we obtain the following relation-
ships for perturbations v, 7'

W 1) Jiv, T), Jo(v. )= 5 S v B Tz) (7.1)

dt

JW.Ty=»|v +°- ng NT b+ 2B ST
We stipulate that in (7, 1) ¢

v =u+ ag, T =R+ av (7.2)
We shall define here parameter @ =Q{¢) from condition
S(cou ¢+ BgRY)ds = 0 (7.3)

£2
Substituting (7, 2) into (7, 1), and using (1, 3), we obtain

2 o (u, R)+ a¥o (9, V)] = —J (u, R) (7.4)
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Lemma 7.1 , Forany ue& H,,R & H,, which satisfy condition (7. 3) the fol-
lowing inequality is valid: J (u, R) > mJ, (u, R) (7.5)
where constant 72 > 0 is independent of u, .

Proof ., The funcrional

Ta(u, B) = S Rugdee (1.6)

Q
is weakly continuous in A3 =y + Hz ,because of the full continuity of embedding of
Hy ,Hpin Ly ., Therefore relationship J,/J — 2BgJ, reaches a positive maximum
My in the subspace of space Hs , defined by condition (7,3). Since J(v,7T) > U,
with equality obtaining only with v = ag, T = a¥, o = const (see [2]), therefore

ol J—2Bgls <Y, Py (1.9
The equality in (7, 7) is reached only when v = ap, T = at, a = const. Consequent~
ly mo < Yy Pg-
We now obtain inequality
Bex

7, B3> (1= 2Bgmo) (viuly? + % | Ry a8
from which we deduce directly inequality (7, 5) by means of the embedding theorem,
Lemma is proved,

The following evaluation is deduced from equality (7,4) and Lemma 7,1
Jo (u, R) < e™Jy (ug, Ry), wy = =gy Ry = Rt (7.9)
Multiplying (7, 4) by exp/, T, integrating from 0 to « with respect to ¢, and using
(7, 9), we find o
3 J-(u, Ryemtdt < ——J, (1, Ry) my < m (7.10)
o

—my
We shall now evaluate function (%) from (7,2)., We substitute the following expres-
int ed}l ’
sions into (1 l)v=v:u+a<p, IT"'=cz4+T=cz+R+ar (7.11)

Taking into account Eqs, (1.3) and (7, 3), we multiply the obtained Eqgs, respectively
by ® and Bg'T/cy ; integrating over (), then adding, we obtain

da M=—Jolls U, &V R Jo@ 0\ [m
'arzMa”f‘N’ (N:-Jo((u,V)_u,u-VR)/Jo(v.r)> (7.12)

Integration by parts yields the following expressions for parameters M, ¥/,

1 Bg
M=mﬁ§[‘?’ Vg ut g vR|de

1 (7.43)
N= m‘S[(u, V)g-u+ L uveR]d

The following estimates are obtained directly from (7, 13) and (7. 9)
M2 moJo (u, Ry < moem™ ]y, (uy, Ry)
[V [ <mady (u, R) < mge™ Ty (wo, Ro) (7.14)

Constants Mg , iy are iﬁdependent of u,f”,
Expressing @ in terms of #f and ¥ from (7, 12), and taking into consideration (7. 14),
we obtain the confirmation that with £ —® (%) tends to a certain limit G . It can
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be easily shown that, if a certain solution (v ’, 7 ') of problem (1, 1) has a limit in the
sense of L5 when £ -, then the latter is a stationary solution of this problem, From
this it follows, by virtue of (7. 9) that (a..p, ¢y3 - @.,T) is a stationary solution, But,
as was shown in [2], there are no nontrivial stationary solutions when C = Cp . Therefore,
Qx=0,

It has been thus proved that with ¢ —», all solutions of problem (1, 1) tend to the equi-
librium solution (1, 2),

This result may be somewhat refined, Namely, by stipulating for the dzcrease of coef-
ficient @ (%) an asymptotic behavior of a power kind, which proves to be

a(t)~ay -+ 28a%t,""  (t=oo)  ag=a'l).  b=7v/Jy'e, ) ‘T.15)
Constant Y was defined in (1, 6) and is positive,

8, Conclusion, We shall formulate here the obtained results which together give
a full qualitative description of the first loss of stability in a convection problem for the
case in which the eigenvalue C, is a
prime number, A number of examples
in which the condition of primality
occurs have been analyzed in [1 to 3]
(a spatially periodic problem, convection
in a horizontal layer, convection in a
long vertical cylinder),

1, The stationary solution (1, 2) of
problem (1, 1) is unique when C <&, ,

Fig, 1 and all solutions of probiem (1. 1) tend
to it when £ -,

These facts were established in [2 to 4]; proof of the asymptotic stability in the criti-
cal case was given above,

2, For small positive @ —Cq there exist exactly two secondary stationary flows (1. 4)
which are asymptotically stable, The equilibrium solution (1, 2) in this case loses its
stability,

With the use of results of [11], we arrive at the pattern in a phase space (a point of
which is the pair (v, 7)), shown on Fig. 1 : multiplicity [’ of co-dimension 1 divides it
into two "curved subspaces”, each containing one of each points 1 and 2, aturacting all
the trajectories passing through these, The trajectories which originate on [ tend to an
equilibrium solution, A projection of this pattern onto a plane spanning the eigenvector
(¢, T) and a certain other vector orthogonal to it, is shown in Fig, 1, Arrows indicate
the direction of motion of points along their trajectories with increasing time o,
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